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Additional Material

In this additional material we present the mathematical derivation of the modi-
fied ToF correlation function, of the STM-ToF and SL error models and of the
implicit phase unwrapping for the SL depth map employed in the paper.

1 Correlation Function for the Modified ToF Acquisition
System

In this section the correlation function for the modified ToF system, i.e., Equa-
tion (7P) of the paper, will be derived. Notice that, in order to clarify notation,
we will use the letter “P” to distinguish the equation numbers from the paper
from the ones in this document, i.e., Equation (7P) is Equation (7) of the main
paper.

Referring to the acquisition model of Section 3.2 of the paper, the signal
emitted by pixel (x,y) of the projector when the sample w,7; of the correlation
function has to be computed is given by the combination of the standard ToF
modulation of Equation (1P) with the modulating pattern which intensity is
given by Equation (6P):

St(t7wr7—i) = Lw,y (WTTZ') * SstdToF,t (t)
= iat (1 + cos (lw,«n — 9“/)) (1 + sin(wrt)). (1)

Each pixel of the ToF camera receives a light signal that can be modeled as:

sp(t, wr;) = by + %ar (1 + cos (lw,7; — ny)) (1 + sin(w,t — ¢d)) ¥

it g+ ar g - cos(wr; — @)

(2)

where b,. is the light offset due to the ambient light, a,, = aa;, with o equal to the
channel attenuation and ¢4 is the phase displacement between the transmitted
and received direct part of the signal. The scene depth d can be computed from
¢q through the well known relation d = % where ¢; is the speed of light. The
second line of Equation (2) contains the global component of the received light
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signal, the one related to MPI and it is assumed to be not influenced by the
projected pattern in case of diffuse reflections [1].

The ToF pixels are able to compute the correlation function between the
received signal and a reference one, e.g., a rectangular wave at the same modu-
lation frequency rect,, (t) = H (sin(wyt)), where H(-) represents the Heaviside
function. The correlation function sampled in w,7; € [0;27) can be modeled in
this acquisition scenario as

1

c(wym) = /Ofmd sr(t,w, ) H (sin(wyt + w,m;))dt (3)

and by substituting Equation (2) inside (3), we obtain Equation (7P):

c(wym;) = B+ Acos(wrm; + ¢q) + Ag cos(wrTi + ¢g) + % cos(lw,1; — 0) + ...

+ g {cos ((l — Dw,7s — g — 9) 4+ cos ((l + Dw,7i + ¢g — 9“})}
(4)

where B = ; ! p (%’ + %+ bg") is an additive constant that represents the
received light offset, A = #
mod

ponent of the received light, A, =

is proportional to the power of the direct com-
ar,
Trfvnid
global component of the received light. The correlation function values ¢(w,7;)
are a measure of the number of photons received by the pixel during the consid-

ered integration time.

is proportional to the power of the

2 Error Propagation Analysis for the ToF Approach

In Section 3.3 of the paper we have presented a model for the estimation of
the impact of the noise on ToF correlation samples on the phase estimation. In
this section we present the mathematical derivation based on error propagation
analysis that we used to compute Equation (10P) in the paper.

Let us briefly recall that, given a function f(-) that is continuous and has
continuous first and second order derivatives with respect to the random ar-

guments {Vi}?:ol on some of their neighborhoods, then the random variable

w=f ({Vl}j\:}l) is asymptotically Normal. If these arguments of f(-) are ran-
dom variables respectively with mean py, and variance J%/i, whose deviation
from the mean are symmetric and bell-shaped, and assuming that they are each
other independent, then the variance of the function f(-) can be approximated
as [2]:

3= (950, )

7=
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In the following of this analysis, each sample of the correlation function de-
scribed by Equation (5P) will be labeled as N; = c(w,7;) with w,7; = 2% for
1 =0, ...,8. Due to the random nature of the light that is assumed to be affected
by photon shot noise, it is possible to assume that the ToF correlation samples
have a Poisson distribution with mean py, and variance 0‘2/1, equal to N; [3], i.e.,
the number of photons accumulated during the correlation sample acquisition.

Since ¢4 = #4572, as a first step we are going to estimate the variance for
wr with £ =1,...,8, that is

8

Do\ 2
7 =2 (5;) b (©)
Since from Fourier analysis
8 s 2T 1.
o Nisin =&k
oL = arctan| — Zé_o S 29 Z (7)
> ieo Nicos ki

. 38 NisinZTgi
by taking X = SN, cos 2k

so Equation (6) can be reformulated as

we can express it as ¢, = arctan(Xy) and

8

Oarctan(Xi)\2
03}@;(%)0%

- (Pl (50
- (1 —|—1X )2 :

= cos? p, we can rewrite (8) as:

) o, (®)

N

BTN
-

|
o

. _ 1
Since X = tany; and TanZor

8
OX\2
aik = cos? pp Z ( k) oN, - 9)
i=0

ON;

After evaluating the partial derivatives ‘g)l\(/? and computing the summation
in (9), it results that the error variance for the estimation of the phase ¢y is

equal to:

9 2

ol = —
Y

1 1 . .
[B - 5121« cos(2¢py) cos(par) — §I2k sin(2¢x ) sin(p2x) |, (10)

where we labeled with I; the amplitude of the sinusoidal wave at frequency
i in the correlation function given by Equation (4). Moreover, the variances of
the phase estimation error for phases ¢s, @3 and @4 are respectively
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8 A

. = gaz [B — g cos(=30a - 0)}’ (1)
> _ 8 rp mA
R [B 1 COS(39)], (12)
8 D

2 .

0l = oAz {B -5 cos(2¢q — 20 + ¢FF)] (13)
where

D= \/A+Ag +2A4- Ay cos(dqg — ¢g) (14)
dpr = atan2(Acos gq + Ag cos ¢4, Asin g + Agsing,). (15)

At this point it is possible to evaluate also the variance of the error for ¢4 and
0, since ¢pg = (w4 — p2)/2 and 0" = —(p2 + @4)/2. Since @2 and ¢4 are not inde-
pendent, because they are computed from the same samples of the correlation
function, we have

ot = 2 (5) b=

=1 i=1

:i[i(g;’g)za?\,i+zﬂ:(3¢2> _22 904 p2] 2] (16)

In the same way it arises that

1
2 2 2
Ogr = Z |:Utp4 + O s + 20’%’2%’4] (17)
For the evaluation of oy,,, = > iy %01\, operations similar to the

retrieval of O‘ak can be applied and it follows that:

4 A
Opops = 9AZ COS 4 COS @2(5 COS g — —cos <p3> +
A
-+ 4 sin @4 cos cp2<§ sin @9 + — sm cp3>

TA
..+cos<p4sin<p2<— Esin<p2+ TSinwg) 4+

. . TA
c+ SNy smgog(g COS g + 7005 303):|.

02, and 0y,,4,, through Equation

Putting together the solutions for awz, %a
(16) and (17) it is possible to compute the variances of the direct phase and

pattern phase offset estimation error. In particular it is worth noticing that the
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mean value of these error variances (without considering the sinusoidal terms)
are:

04, =0g = —5B. (19)

If we compare the estimation noise variances for the pattern phase offset
retrieval from the second and fourth harmonics or using only the third harmonic
it comes out that:

. 4
0 = —(p2+¢4)/2 = To = @B
2
L 3 (20)
0=—p3s = 0y =0,, = 97r2A2B’

from which arises that the second formula gives an estimation of the phase offset
that is about 4 times less noisy then the first one and for this reason we used
the third harmonic to compute this parameter.

For the evaluation of the variance of the noise acting on the depth estimate
employing the STM-ToF acquistion (the standard Whyte approach [4]), we have
to consider the linear relation that links the direct phase and the depth, indeed
dnoM PI = ﬁgﬁd and it results that

mod

2 _ ¢ 2,
Odporipr — (47Tfmod) O¢q (21)

and by considering the mean variance of the noise we have

o c 2 4
Odporipr — (47Tfmod> @B (22)

that is Equation (10P) in the paper.

3 Structured Light Depth Estimation with Implicit
Phase Unwrapping

In this section we are going to present the derivation for the implicit phase
unwrapping in the Structured Light (SL) depth estimation that we used in the
paper.

As mentioned in Section 4 of the paper, in case the phase offset 6,.; and
Otarger are already phase unwrapped in Qﬂf and Q,fzgget, then the depth map

with the SL approach can be estimated as

o _
st = drey (145 (01 = 0Fer))
-1

= dyef (1 + %(%f + 27kres — Otarger — 2”]““”9“))
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where 0qrget, Orey € [—m; ™) are the phase offsets directly accessible and 27k;qrget
and 27k,.s are the offsets which correct the phase wrapping.

In order to unwrap the phase offsets, and so estimate 27k;arger and 2mkyey,
it is usually required to project multiple patterns with lower frequencies on the
scene. We avoid this by exploiting the depth map computed with the ToF sensor,
dror. First of all, we consider the pattern phase offset 97135)]}; that originates the
depth map dr,r in case of a SL acquisition:

b dper—d
PU _ pPU ref ToF
9T0F - eref - a : W (24>

If we consider

b dref - dToF
= _—_ 2
eToF Href Q dTaF ( 5)

we have that
07T = Oror + 2mkye . (26)

Since the only differences between 04V, and eﬁf,{get are the fluctuations due to

noise, by assuming that the noise is smaller than half of the phase wrapping
distance, we obtain that

|955]F - 951?get| <. (27)

By using together Equation (23) and (24), we have that

dref - dToF Q -1
dsy, = dyef (1 + dpr + 0" (0Fer — 651?_(;(%)) (28)
Since we have assumed that |02, — 9£Qg€t| < m, recalling that HEL[,{get =
Otarget + 2Tktqrger and H%FDEF = Oror + 2mkycy, it comes out that
e'llng - 951(7{9615 = (e'legF - eigget)[,ﬂ—;ﬂ—)
= (GTOF + 27Tkref - atarget - QWktarget)[fﬂ;ﬂ,) (29)
= (HTOF - atarget)[—ﬂ';ﬂ)
From Equation (28) and (29) it turns out that:
dr(z - d o Q -1
dSL = dref (1 + ﬁ + 3 (GTOF - etarget)[—ﬂ;ﬂ')) (30)

that is Equation (13P) in the paper and it doesn’t require any explicit phase
unwrapping operations.

4 FError Estimation in the Structured Light Approach

For the estimation of the error in the SL approach we consider the model of
Equation (12P), since only deterministic operations bring Equation (12P) in
(13P). We assume that 6,.; is noiseless since it has to be captured only once
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and multiple acquisitions can be repeated in order to remove the noise. The
only remaining source of randomness is 04r4c: and by error propagation we can
obtain:

9 ( ddsy, )2 9

g, =\ =
s 39mrget et(”'gd (31)
_ Q d?arget 2 2
- drefb O.etarget

from Equation (31) it is possible to notice that the depth estimation accuracy
improves if we increase the baseline between the sensor and the projector and
it degrades with the increase of diqrget, that is the depth that we are going to
estimate. This is a common behavior for SL systems. The reference distance
drey has no effect in the accuracy since @) is directly proportional to d,.y itself.
The phase estimation variance Ugmmet can be retrieved from the second line
of Equation (20). It comes out that the mean error variance for the SL depth

estimation is

h 2 8B
_2 _ target
= (@) v @)
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